EX'EQV\QIMS Caucl'\a- Gouxsa\‘.: Theorewm :
Theovrem : lf je is dﬁwd:iable. 'thvroushoud: a Simlea connected domain D, then

\fcfvwdz -0

fb\r evena closed coritour  C lcama w D,

’Fvouf :

case | : C intersects l'&e.tf a flnl'ﬁe number cf times .

C
G Qe
| ]
e
c

e fodz = §, fodz + § fode + J focz
(Aﬂ’lg Caucha-Goursdb Theorewmn +to each C; )

= 0+0+0

= O

case 2 : C irtersects Ptsaf an ivflnl-ﬁe. numlboer of times .

Je oz = § fodz + f\ Frc
-, fode + J fod)+(fy forde - § Ford)

O +0 (AFF"é} Caucha-Gouvsa(: Theorem to each C;)

= O

Covollava:
lf -f is ch:ﬁer‘er\'bia\cle 'Hr\rouﬂhoutt a Simlea connected domain D, +then Je wist  have

an antidevivative. i D.




Theovem : Let C and Co ckzta-n be S;w‘rle_ closed comtours  such —that

SR =COCUL.-VC,

lf f s ckﬁ’e«ew(ﬁa\:le in_an o'];e.y\ V\eiahbovkoeé Covd'a?vx‘ivs R ,
“Hhen J‘C :‘f(z)dz +é£q§(z\dz =0 OR : ‘YSR ':f(z)&z =0

LR f‘z‘dz =‘L’R. f‘z‘dz *ij‘z’dz

) Note . R, and R. are S’\m]ﬂa connected .

Divect Conse?v\emce: lf j’- s &ﬁr@vﬁa‘:ﬂe on R, then

Ci

j‘cl jztzsdz = fowsdz



Cmua- Cowsat Theovem :
let R be a Siwrrlca connected domain  wirth loowdo.wa C.

lf a 'fw\cbiov\ f is diﬁérew(:laue_ in_an open V\e‘aahloovkood covd'a“-n‘ws R.
.V f(z)clz =0.
e

R e —
AR K N

\\/
Use a gﬁd ‘Fa‘Fe\r 4o subdivide R into 0:-)'5
Lemma: Y e>o , 3 subdivision st. V0 3 zjeink 0 st
|ﬁ)2;_%zp—‘f('z\))|<£ ‘v’zec:l with Z #2y .
‘P\muf : Swrrose —the c.ovr(:rura , et €50 ,

Oy

d a sealue.nce. of g, st VzJecJ ,E%ec\j st. Iﬁ%ﬁ)—'f&))lae

but fis ehﬁ’evevt(:ia\ale. at w, 38>0 s+t |ﬁ§2;_b;m‘jeén)|<€ V o<(z-wl<§

Co iction )
(Contrac Bw.S)

On

J.Cf(z)dz = ‘réo'f@
S ZT" |‘ré¢§®dz|

\_’v_*—’
estimate

U ff(ﬂd"-| IJ-I ‘réo-



Let §@ ={ z—i:z\) g (O S W ) on

o If 2=

Note : SJ I8 corttinuous  on aj and l%(z>|<£

“Then jem =j?(zy -7 ffﬁ) +j"(3)z +(2-2p S\-,(z)

*Lo:j f(z)clz = jao:j f(ZJ)—ZJf&j)dz + jao:l féz‘))zdz +53<,3(z- J) Sj(z)dz

() 1=}

Ea Ca«cka-elowsat Theorem
|(z-z‘-)) SJ(z)l < |z-z\]| | S\-)(zbl S JSSJQ
ML - estimate :

'rf 03 IS a S7uare.,

|£03§2)dz| < by Asje = 45 Bye

'rf g is a part ofa. s7uare,

|“r3<{)§®dz| s (4SJ+LJ) -.ESJE: = 43 A\')ﬁ +ELJSJE

N N
|jc'3’(z)dz| = \]Z_':\réo‘_]‘f(z)dz s JZ_:.

J aqlf‘z""z |

s[\]zlj';(llﬁ A\~,+5L\]sj)] €

o[\

AYQA. = Aj =S\’)

Ljﬂ 7



Theorem :

SMWW_ f s continuous  on a domain D (NST necessay to be. Swply comnected)
The 'fb“mirj statewents ave e:TuCNalewE::

1) -f has an antidevivatve. F 1 D

2) -the lw\-eavuls ojz f(z) alog corttours laivxa ewhrelna n D and ead'EydinS —j’mm ana
fxed 'Fo‘w\'l's 2, to av\a ‘flxecl 'Folvd' 2, all have the Same value ;

2) the M'l'ﬁmls af ‘f(z) alov3 any closed contours |aln3 ew(:ivela n D all have

value. zevo.
-Fncj? . (e @ Avvial , omrted )
W =@ :
l:f C is a contour from z,toz,, C=2CuCu..uCh,where Ci's are cl'«ﬁereyfb‘uab!e arcs .
Yeor is a parametrization o)‘-’ C foc astsh,
and  Q=t,<t,<..<t, ,<ta=b, Yl&i--.rl s G
F Fove) = FO¥en Yeo = FUH - Yebo ¥ telak] exept oti o

SC fordz - é L; fordz

ki
= g ‘L:-. Fore) - Yeorot
n 'tl
=2 LFoen]y,,
= FOt) - F(¥ea)
= Fey-Fey  (which is 'inclzl:.n.nden'b f\‘om C but encho’M‘:s z, and z,.)

(2 => (1) -
By assumption, we are able 4o defiee  F 2, furde.
(We wart to show F& =f(z).)
let £>0 .,
j’iis cont at z = I §>0 st.
|je®-fcz>l<z V Is-zl<§



Then j’ o<lazl<§,

Fetefe - for - (o fode

|m:)zﬂ - f(z)| = l?lzl|*fz af(s)—-j’(z)clzl

2 cosi I
HL-esﬁma('e ~(< e 2 lazl Ch s“’ﬂwe"\e
S = pavd Sﬂme
=<
. Fziaz)- /
. Alévio—“‘?z&-fw =0 Le. F(z.)-ftz\.

e.g. T(z):LZ s chﬁerewbia\ole. on C© Which s NoT s‘w})\a connected

it

?emll : lf Y = Cos+ +isint =€ Oos+t<sIN (unrt  civrcle )

focz)elz=m #0
:f has NoO antidedvative on C*

However , ba v‘&'i‘vicﬁhj fCZ) on C\Gw,o] (Which s §M'l>lua cornected )

Then fZ) hes an antderivative. &) = log 2.
e‘S. I:f ¥ s @j

‘H/\en \‘%Q}Z = O

as §@3='2Li has an antdernvative  F& =—-& on € and Y les mn CF.



') Cau\clna lv\'ﬁeaml Formula
Theovewm: let C be a S'WHF(Q. closed corttour , taken in fFostNe_ sense. ,
and R 13 the bounded domain. wirth dR=C.

!f‘f?s cl?ﬂ%—vevrﬁa’o\eon'l_i ard z, eR , then
f@,)=4_f_§@_

C 2-20

w [dea :
Ex: |f Cols the 'Fogdivelxa ovienbed dicle centered at 2z, witth vadius v,

Show —hat ,(‘Csz'ze)ndZ={ o Tf nz0 (-f s dif e.veraw\'\exe. n this cese .)

i Tf N=-| . C

Pretend : ffca = j’cza +j"cz.)cz-z.>+ j’%(z-zo)’#---

S Jo  foo ol o

2-2o Z 2

T o

2-2o 2-2o

[ oo [t

n" {}
uﬁf(z.) o} (o}

“F\rouf . Let €50,
f‘ls ehﬁ at 2o = 3I&>o0 st l-f(z)-fu.3|<2 Y |z-2o<$

choose F s+t. o<e<8 . then
lf(z)-f&.>|< € Vv [‘Z-Zvl=? .

. |§®_-1'E < £
2-2o 3
(o o] | A2t < e o

Z-20

€ can be arb?brar\la small = j)c—ﬂelz -Irl"tf&e) = O



e.g. 8(2)=z=|+4 , -fmd J‘c %(Z)dz.

21 o L)
3= =7 " &= 21)(z+‘2‘i.) Tt whee flor =t
D
(@
aD-=C <33 Note - f(z) s anal%(:ic on D .
- . , e
D-Dud " j‘c%(z)dz EJC_Z%dZ = 2m fai = L

Caucha lwbaaml Formula .

let C be a s‘umrle closed cortour , taken in 'Fos‘rave_ sense
and R 13 e bouwnded domain. with 3R:=C , zeR

Cawcl«\a lwteﬁral fomula : f(z) = -i‘ﬁj'c-é‘;—ds
Fo_ 4

i Jo (S-2F

Wart 4o show : j?'(z)=

Z+a2) -
Fees Az-fm “Sm Jc(s-z-Az -z)":?chs
C d= S]/\o\fteft disf‘awce
1)
= I:ri ‘YC (2-2-a2)(s-2) ds -fww\ 2z to C
fera2) -fey [ £ . )
= &~z - 'Irr’z.(. (S-z?ds J. (- Z-AZ)(Sj"ds jpbr seC,
[s-2] 2d
feirsn - L $o g | < =ML
Az e (s-2% S (d-lazDd Is-z-a2] = [Is-21-lazl| 2 d - |azl
lf(s)l sM j?nr Some M>o0.
- Feaad - _ x o 4
Azllf,"‘o fe Az-f&) - (S-z? (w»\g“e f s conit. and Cis c]s(:.)

L= laﬁ%\ uf C.



AFFl\a “the same —bec-.l«nclue
Wavt to show L= —fc ¥o ds

(=2

g:(z 7_)_{'&) _ 2(sS-2)-42
+AA2 Tt dp (s- z=az) (s-2) ftsx:ls
(I +a2) - $é& X (&) 3(s-2) a2 -2.(
fe Az-f Tm J'c (s.z)"inS : o (S-z-s2) (527 Fods

X

Bx: Show &) tends to as az-so .

'Re.]zza(:?ns the. Process

l L\E.OVQW\ :

lfja j? 1s &Uefzrewuaue M a domain D, -then tt can he chﬁerewhdked ~.v3%n-r+eha

mav\a times W D.

ln 6evxeml ) ze'D . fm @ = N Jc = z)"*'
where C s a stmrle_ desed corttour in D and 2 lies in interior cf C.

Coro([ana :

lf j? Is dﬁermba\ple_ M a2 domain D. -then f' 13 corbinuons v D

1. je s am(-ak-:.e w D}

Covo(lawa :

I-f a -fmc_—ezm f&) =f(—:c+’ua) = u(—x,ua)+iv(-x,'a) s anal«ar(:ic at a -Foirrt z=x+-‘ua, ,then the
fwncﬁov\s U and v have continuous 'Favl:ial devivatives of all orders at -the 'Poivr(: (-x,la).
Theorem :

lf a fuv\chon 1S continuous 'H'\vouakowb a_domain D and 1f jcfwdz =0 -fbr every, closed

covttour  C (ain% n_ D, (= antiderivative of f exists Fzz)-f(z) > F s anala'(:ic n D)
-then 'f 1s amla-(:ic n D.




e.q (f has an actidecivstive 1 D & § s analytic n D)
Consider -ftz): 4
-f is anala—t:ic mn D=C" and fizn-—;,-
but § has No_antiderivative..

Howevex , .]e D is simPla connect , the converse statement s true !
je has an arvtiderivative . D « ‘f s anala'(:ic in D

V)  Liouwville’s Theovem and Fundamertal Theorem vf Aljel:ra
Let Ce be -the circle [z-z.]=R . oviexted in er(:‘m sense. .
Let f be a fuwd:ion analat‘«c. on ﬁk D

'Ba Co.ucl'% |w(:eam| Formula , D= Cp.

(0] =~
@ = %-&Tz%’dz (net,2,:-:) D= D 3D,

Furthermore , f f s bounded on T, ie. If(zslsHE VzeTy.
Then , we have -the -fullow‘mg estimates :

o |
= _ZL_;‘ TS—,;E. 2R (ML - estimate )

:

Further 8e.neru|‘|ze. :

et f be an ewtire Dewxcbion , e analghc. e.ver\awkere.

and Svﬂ:ose je is a bound jew.ctton, IfcnlsM YzeC.
For every Ca, we have

feesle e [ty <= |

Since. R can be arb‘rtmrila_ larje . fl(z.)=o

~ fQZ)=° VYzeC.

l L\eorem .

f § is entire and bownded , then f= 15 Constant throughout the plane.




Fundamental Theorem of Al%ebra.:

Ana Folanomlal Pe) - Qo+ AZ +03Z + -+ a.z"

(a;eC and ant0) Df desree. n mz1) has
at

,ie. Fz.eC st Pey=o.

‘Fvouf : Prove Ba. contradiction ,

Suﬂ>ose 'P(z)#o VzeC , then sz =% is an errtire f\mcﬂov\.
C,la'lw\ :

f(’z) is bounded (> f is constant = Contradicbion )

least one zevo

To show f(z) is bounded , #® Sc«-ﬁioes to show f is bounded outside a (a.rae. disk .

Consider 1z[2R , we can choose a larje R such that
I

R PRSP B [V SR 3[R

ol - | ' | <3

<
= w
z_“(q“...Q«z_-l +...+%) lanlR

Direct COnsea(uemce : Ama -'Fo(anomial oj’ dejree. nz1l , can be -:fn\c(:bvized as a
‘Fvoe\mc(: uf linear factbrs.

]Z[) Masimum  Moduli cf Functions

Lemma. : Suﬂbou that Je(z) IS analytic '(:hmva\now(: a ne.igkborl«\ooel |[z-z.l< € o‘f a Foiw(: Zo.
':f lffz)l < |f(z~=)| 'fbr each -Fo‘uw(: n that vxeiahloorhood , then -f(z) has -Hhe
Constant  value f(za) 'H’\vagl'\owb “+he Vlﬁa\«bovhocel .

f@e):ﬁ - %:dz Le'b z-z.+eeie e
P s ~
osO=sam 7 Co o \
=+mffcz°+fé°>de dz- ire“"de [ ‘ \
\ il
/
\ - _




| feeal < ﬁf’ f(z#?é”) )

s 2 [ igeslds
= [feal

~amlfeal - [ ferpd®lde

f [Feza| —lfcz.+(>é°>lele -0

N/
©

= Beal- [faupd®|

|V\ Fa\"ﬁcular, f(ze) =f(z.)

“Theorem : SurFon that f(z) s analytic "Hr\\rova‘f\ow(: a domain D and Supposa Zo€D .
|f |f&)| s |':f(2~)| ‘fbr each 'Po'-w(: in_ that domain D, then '_f@ has Hie
constart  value f(z& "(:hv‘ovgl«\owb e domain .

Fo = fezd = .= 2> P’FF'%,\‘“g +the lemma o eadh disk ?
(Remark : (,\)ha_ we can cover ~the curve Ioa jemrtel‘a_ mam& disks )






